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ABSTRACT: A line-shape and saturation treatment for inhomogeneously broadened electron spin reso- 
nance spectra is presented, which is an extension of the statistical approaches of Portis and Castner. The 
absorption and dispersion relations of this two-parameter model are presented analytically for direct appli- 
cation to first-derivative spectra. Evaluation of the model parameters cup, a reduced field interval, and CYT, 

a reduced saturation and degree of inhomogeneity parameter, yields values of the spin-lattice and spin- 
spin relaxation times in addition to providing a relative measure of the degree of delocalization of r-radi- 
cals in conjugated polymers. A regression routine is developed that makes the line-shape and saturation 
treatment applicable to convoluted spectra. 

Introduction 
Since the landmark paper of Bloembergen et  al.' there 

have been many treatments of the inhomogeneous broad- 
ening of magnetic resonance lines at  all levels of com- 
plexity. Most of these studies have been concerned with 
specific aspects of the problem such as the rigorous treat- 
ment of unsaturated line shapes of powder spectra sub- 
ject to g-factor anisotropy' or specific distributions of 
hyperfine fieldsa3s4 Other approaches have dealt with the 
behavior of the intensity of the inhomogeneously broad- 
ened line under oing power saturation under various pas- 
sage conditions! Often, however, insufficient experimen- 
tal data are available to apply these approaches. There- 
fore, less rigorous, parametric-statistical treatments such 
as those of Portis' and Castner' must be utilized. A class 
of materials requiring the latter type of development is 
that of the now intensively studied electroactive conju- 
gated polymers. For a recent review of the rapidly grow- 
ing literature on the electron spin resonance investiga- 
tions of these interesting materials refer to Bernier.' 

Conjugated polymers usually possess low spin concen- 
trations, 10'5-1018 spins/cm3, characteristic of delocal- 
ized r-radicals whose signals saturate readily, TITz = 
10-'3-10-" s'. This makes the resolution of unsaturated 
spectra, expecially in the wings, quite difficult and at  times 
impossible. In addition to  the noise in the wings of these 
spectra, integration of the first derivative mode is often 
hampered by the superposition of broad catalyst 
 signal^.'"^ There have been several attempts at model- 
ing the line shapes displayed by these polymers, partic- 
ularly that of the much investigated polyacetylene, through 
the use of specific spin distributions of radicals of a given 
delocalization length. However, it has been pointed 
out4 that the uniqueness of these distributions cannot 
be established. Generally, the recorded spectrum is a 
superposition of the resultant line shapes of a distribu- 
tion of spin-density delocalization lengths. In view of 
the complexities involved it is not surprising that very 
few detailed saturation treatments have been reported 
for these materials."~'' 

To handle the complexities peculiar to conjugated poly- 
mer spectra in general and to interpret the electron spin 

' Present address: Department of Chemistry, Rochester Insti- 
tute of Technology, Rochester, NY 14623. 

responance (ESR) spectra of cis-poly(phenylacety1ene) 
( c i s -PPA)  in particular, we propose a new line-shape and 
saturation treatment. Since unique spin-density distri- 
butions cannot be established from ESR spectra we are 
led back to the statistical approaches of Portis and Cast- 
ner as a starting point. In particular, we require a model 
that is not only applicable to the evaluation of relax- 
ation times but also (1) provides for the rigorous extrap- 
olation of partially saturated, first-derivative spectra to 
the unsaturated condition for accurate spin concentra- 
tion determination, (2) enables the quick integration of 
spectra while avoiding the problems of signal noise and 
broad underlying signals in the wings, and (3) is of a sim- 
ple analytical form so as to be readily employable in regres- 
sion analyses for the deconvolution of partially resolved 
spectra such as have been reported for this p ~ l y m e r . ~ . ' ~  

In the following paper (part 2 ) ,  we apply our line- 
shape and saturation treatment to the various ESR sig- 
nals observed for cis-poly(phenylacety1ene). Here we 
present the development of the modell* and its exten- 
sion to include repression analysis and discuss the type 
of information it provides. 

Development of the Line-Shape Function 
We now develop the line-shape function for inhomo- 

geneously broadened resonance lines of magnetically dilute 
( N ,  < 10" spins/cm3) systems recorded under slow- 
passage conditions. An inhomogeneously broadened line 
results from a variation of local field values leading to a 
field distribution, h(H' - Ho), of spin packets individu- 
ally characterized by the line-shape function g ( H  - H'). 
Here Ho and H' represent the mean of the field distri- 
bution and the resonance field of a spin packet, respec- 
tively. The latter must meet the resonance condition 

(1) 
where h is Planck's constant, w' is the fixed frequency 
of the resonance cavity, and y, g, and 0 are the elec- 
tronic magnetogyric ratio, the g factor, and the Bohr mag- 
neton. The source of local field variation considered explic- 
itly in this treatment is multiple hyperfine interactions; 
however, other sources such as g-factor anisotropy or dipo- 
lar interactions of spins with different resonance fields 
could be considered as well given the appropriate func- 
tionality of h(H' - Ho). 

h w' = yH' = (1 / 2)gOH' 
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homogeneously broadened resonance line is given by6 
The field-dependent magnetic suspectibility for the in- 

x(H) = x” + ix”(H) ( 2 4  
with 
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samples subject to superimposed impurity spectra, this 
is also not a major shortcoming. 

After incorporating the appropriate functionalities for 
h(H’ - Ho) and g(H - H’), the dispersion and absorption 
curves for linear detection conditions are given by 

(2b) 
-(1/2)H”g(H” - H’) W’ ’ (H” + H’)(H” - H’) 

and 

xoy2 - TH&Z - H’)h(H’ - Ho) 
2h2 

x”(H) = --$ dH’ (2c) 
O 1 + (1/4)7ry2H12T1g(H - H’) 

where x’ and x” are the dispersive and absorptive parts 
of the susceptibility, respectively. The static suscepti- 
bility is given by xo, H, is the maximum value of the 
magnetic component of the microwave field in the cav- 
ity, and T, is the spin-lattice relaxation time. Equa- 
tions 2b,c are only valid under conditions where energy 
equilibration in the spin system is fast compared with 
variations in the field H. Therefore, experiments run at 
low to moderate power levels, or high power levels under 
slow-passage conditions, can be handled by our analysis. 
The criterion for slow passage is5 

(3) 
where T2 is the spin-spin relaxation time and w, and 
H, are the frequency and amplitude of the H-field mod- 
ulation employed in phase-lock signal detection. 

The specification of the functionalities of g(H - H’) 
and h(H‘ - Ho) is dependent on the nature of the spin 
systems being studied. We consider here a system of mag- 
netically dilute spins undergoing multiple hyperfine inter- 
actions. Much of the treatment, however, is indepen- 
dent of this designation. We present here the develop- 
ment for a Gaussian distribution of Lorentzian spin 
packets, which are the most common experimentally 
observed line shapes under conditions of near inhomo- 
geneous and near homogeneous broadening, respec- 
tively. Since this was also the specific case treated by 
Portis and Castner, comparison with and extension of 
their results is possible. Limitations imposed by the 
assumption of a Gaussian resonance frequency distribu- 
tion relate to the physical model chosen and will be dealt 
with later. The assumption of a Lorentzian spin packet, 
however, restricts the analysis itself and will therefore 
be discussed here. 

The Lorentzian function, as is well-known, is the first- 
order solution to the spin energy Schroedinger equation 
for a Hamiltonian dominated by dipolar and weak, iso- 
tropic spin exchange  interaction^.'^ The rigorous solu- 
tion to this problem for magnetically dilute systems is 
shown by Grant and Strandberg“ to add some Gaussian 
character to the outer wings of an otherwise Lorentzian 
line. The major consequence of ignoring this contribu- 
tion is to cause divergence of the nonzero-order moments 
of the line shape. This is not considered to be a serious 
defect. Grant and Strandberg indicate that the higher 
moments cannot give a representation of the line shape 
for dilute spin systems. In addition to inducing diver- 
gent moments, the Lorentzian approximation is expected 
to lead to a poor reproduction of the outer wings of a 
resonance line. However, since reliable experimentally 
obtained spectra of the outer wings are rare for dilute 

l/yHl << (T1T2)”2 << Hl/w,Hm 

where y T 2  is the reciprocal half-width of the Lorentzian 
spin packet, uG is the standard deviation of the Gaus- 
sian field distribution function, and A is a constant. 

The dispersion integral is derived by equating the real 
solution of the complex Bloch equations” to the homo- 
geneous dispersion relation for a single spin packet devel- 
oped by Portis. 

To simplify the integration of (4) we define 

7 = H’-H,  ( 5 4  
p = H - H o  (5b) 

s = (1/2)yH1(T1T2)’/2 ( 5 4  

7 = (1 + s2)1/2/yT2 ( 5 4  
The combinations a p  and a7 are the principal dimen- 

sionless parameters of the line-shape model. The former 
is a reduced-field interval measured from the center of 
the inhomogeneously broadened line. The combination 
(YT has a dual significance. For unsaturated spectra it 
represents the ratio of the individual spin packet width 
to the distribution envelope width, much like Castner’s 
“a” parameter. For increasing H, values it gives a mea- 
sure of the degree of saturation. The assumption of a 
single T2 is implicit throughout this treatment. 

1/a = 2112,G ( 5 4  

Substituting eq 5 into eq 4 yields 

Axoa7$aHo - e x ~ [ - ( a o ) ~ l  
V(ap;a7) = lm d ( a d  

(7rT1T2)1/2 (a$ + ( a p  - aq) 
(6b) 

where a~,, gives the unsaturated values of UT:  

a7 = a70(1 + S2)1/2 (7) 
In deriving eq 6, the assumptions that peak-to-peak line 
widths are always less than 50 G and g factors are always 
close to 2.0 were made. Employing these assumptions 
enabled rigorous transformation of the limits on H’ in 
(4) to the symmetric limits on a1 in (6). 

To eliminate the unknown instrumental constant A in 
eq 6 one can directly integrate eq 6b to obtain an expres- 
sion for the total intensity of the inhomogeneously broad- 
ened line 
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One can see that the absorption intensity follows the clas- 
sic powder dependence of a purely inhomogeneously broad- 
ened line. 

Equation 6 can be more easily integrated by treating 
it as Fourier convolution integrals 
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tra as well as enabling us to deconvolute more complex 
spectra as was observed for the cis-poly(pheny1acety- 
lene) specimens described in the subsequent paper. In 
developing the regression routine we have extended the 
method of Marquart et al." to include variable line shapes 
and saturation effects as well as provide for a statistical 
procedure to establish confidence limits for the regressed 
parameters. The solution scheme is based on a nonlin- 
ear least-squares analysis employing a Newton- 
Raphson algorithm with analytical derivatives to solve 
the inherent system of nonlinear equations given by 

dA6 = -6, G, = dSSE/db, (16) 

6"' = gi + 0.75A6 

where SSE is the error sum of squares and the p,gth ele- 
ment of the Jacobian, d, is giyen by dG,/dbg. The update 
of the parameter estimators, b, is damped slightly to avoid 
divergence of the iteration scheme. 

The significance of fit of the line-shape model can be 
established by defining a l O O ( 1  - a)% confidence limit 
contour about the global minimum" 

SS, = SSE[1 + m/(n - m)F,,,n-,,,l-,l (17) 
for m parameters, n data points, and F distribution value 
at  (m,n-m) degrees of freedom. To obtain approximate 
confidence intervals for the parameter estimators, we make 
the assumption that the contours closely approximate an 
m-dimensional ellipsoid. The component axis of this ellip- 
soid can be considered as representational of the confi- 
dence limits of the individual parameters. By expand- 
ing SS, in a Taylor series about the global minimum, 
denoted by SSE, we obtain approximate confidence lim- 
its as 

fl, = bp(a)  - PP = h{[SS, - SSE]/(d2SSE/dP~))"' (18) 
where P, is the value of the estimator b, at  the global 
minimum. This form has the advantage that a t  conver- 
gence all quantities are known, d2SSE/dPp2 simply being 
the p th  diagonal element of the Jacobian. The ellipsoid 
confidence contour was tested along all the component 
axes and was found to reproduce the true contour, SS,, 
to better than 170 accuracy. It, however, failed badly in 
describing SS, along the axis of the scaling factor of a 
minor signal during the deconvolution of superimposed 
spectra. Application of regression analysis to saturation 
curves was, however, very sensitive to the proportion of 
the minor signal and was generally used for this pur- 
pose. 

The convergence criterion for the optimization of m 
parameters b,, p = 1, ..., m, was set a t  

LT 1 1 < 0.05 (19) 

The convergence characteristics of the iteration scheme 
are dominated by two factors, the goodness of the initial 
parameter values and the number of parameters being 
regressed. Initial parameters once established for a par- 
ticular sample could be employed for all spectra of that 
sample with good convergence behavior. I t  is our expe- 
rience that convergence becomes quite slow when more 
than eight parameters are being regressed; therefore, when 
treating superimposed spectra, the functionality of the 
line giving the minor contribution is held fixed during 
optimization. Attempts a t  accelerating covergence via a 
Wegstein (independent parameter) update formula2' 
proved ineffective, probably due to the large variation in 

m i= l  

where F(P) and G(P) are the Fourier transforms of f ( u )  
and g(u) ,  respectively. This yields 

with 

JK = l I P K  exp(-(1/4)P2 - arlPI) exp(iapP) dP ( 1 0 ~ )  

The integrals JK, K = 0 1, are solved by defining the 
complex quantity z = re", with 

r = [((up)' +  TI']"^; o = arctan ( a p / a ~ )  (11) 
to give for the dispersion, D ,  and absorption, V 

2.A 
D(ap;CYT) = -2.AaTErs, - V ( a p ; a ~ )  = -Erc (12) 

where the functions Erc and Ers follow the matrix rela- 
tion 

xa x 

] (13) 

The quantities in the last bracket are the real and imag- 
inary components of the complimentary error function, 
erfc, and the error function, erf, of the complex argu- 
ment z.18 

The functions Erc and Ers are respectively symmetric 
and antisymmetric about a p  = 0. Erc, which gives the 
shape of the absorption curve, displays a very complex 
dependence on ar.  However, in the limit as a7 approaches 
0 or Erc becomes Gaussian and Lorentzian, respec- 
tively. 

The a p  derivatives of the dispersion and absorption 
curves, the mode observed in phase-lock signal detec- 
tion, may be obtained quite readily by making use of the 
following identities 

cos (2c~pa.r) sin (2apar )  Re [erfc (z)l 
sin (2apar) -cos ( 2 a p a ~ )  I[ Im [erf ( z ) ]  

dErc/d(ap) = -2apErc - 2arErs 
dErs/d(cup) = 2 a ~ E r c  - 2apErs - 1 

(144 
(14b) 

yielding 
2 -- a' D' = --[-2(ar)'Erc + 2apcu~Ers + ~ T I  

a(cuP) xa2 
(154 

E V' = -(-2apErc 2 - 2cu~Ers) (15b) 
xa 

Higher derivatives may be easily obtained through repeated 
application of eq 14. 

Regression Analysis 

We have developed a nonlinear regression routine, 
employing the line-shape function of the previous sec- 
tion to obtain values of a and from experimental spec- 
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sion a t  Sm, provided the regressed value of (YT is inter- 
preted as (YT = cur0(1 + (S2)s)'/2. 

We next deal with the sensitivity of the saturation curves 
and the line-shape function to the degree of inhomoge- 
neous broadening. For spectra dominated by the reso- 
nance field distribution (i.e., L Y T ~  < 0.1) the line shape is 
given by this distribution, which in our case is Gaussian. 
Consequently, line-shape regression analysis cannot help 
us distinguish among lines with different C Y T ~  values in 
this regime. Fortunately, the characteristics of the VRm 
versus S curves are very sensitive to curo in this regime 
and therefore can be used to evaluate it. This regime 
has been thoroughly treated by Castner and therefore 
will not be discussed further. For w0 > 0.1 the effect of 
the Lorentzian spin packet becomes felt and the behav- 
ior of the saturation curves approaches that of a homo- 
geneously broadened line. Consequently, the line shape 
becomes sensitive to C Y T ~  and the saturation curves of 
VRm and I', become ( Y T ~  independent. Most of the spec- 
tra of the conjugated polymers fall into this regime." 
However, line-shape regression analysis must still be accom- 
panied by a saturation study since only T2 and gG can 
be established from the line shape. For many conju- 
gated polymers there is the additional problem that unsat- 
urated spectra are unobtainable. A regression analysis 
at  the maximum of the V'Rm versus S curve alleviates 
this difficulty. As a practical guide, the line shape becomes 
indistinguishable from a Lorentzian function for L Y T ~  > 
5 although the analytical limit is m0 = m. 

Finally, we must deal with the problem of assigning a 
physical interpretation to the calculated values of T I ,  
T,, and gG. We first consider the relaxation times. If a 
spatially uniform spin temperature is maintained through- 
out the resonance experiment, spin-spin relaxation pro- 
cesses are far more effective than spin-lattice relaxation 
processes, then the calculated value of T ,  is dependent 
only on the density of spin centers in the sample, and 
the calculated value of T ,  will be an average over the 
most rapid spin-relaxation processes in the sample.23 The 
uniqueness of the spin-spin relaxation time, T',, and its 
identification with the reciprocal line width, T,, can only 
be established, however, if all spins precess at  the same 
Larmor frequency. For resonance lines subject to hyper- 
fine splittings this condition cannot be met; therefore, 
the width of each line of the hyperfine spectrum is sub- 
ject to both lifetime and pure dipolar broadening. Within 
the framework of our model, the latter effect will be man- 
ifested in the estimated value of the distribution width, 
uG. The calculated value of T ,  is that of a homoge- 
neously broadened spin packet and is therefore related 
to the true spin-spin relaxation time, which is constant 
for all lines of the hyperfine spectrum. Investigations 
on the relaxation processes in conjugated polymers indi- 
cate that spin-lattice relaxation is more than 2 orders of 
magnitude slower than spin-temperature equili- 
bration.",l2 Consequently, the uniformity of the spin- 
spin relaxation rate, as assumed in the model, should be 
observed. 

There are two situations where the assumptions of the 
simple model may break down. For samples with heter- 
ogeneous doping by electron acceptors or donors, multi- 
ple, separated spin systems may be observed with differ- 
ent T,'s and T2's. Saturation studies of samples with 
catalyst residues, even if present a t  only 1 mol %, must 
be carefully interpreted. These paramagnetic species can 
control both spinspin and spin-lattice relaxation via dipo- 
lar and cross-relaxation p r o c e s s e ~ . ~ ~ + ~ ~  The effect is impor- 
tant when the spin-lattice relaxation time of the cata- 
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Figure 1. Saturation curves for a pointlike sample (-) and a 
bulk sample (- - -). Hlmax is the maximum microwave field in 
the resonance cavity. 

the influence of the various parameters on the solution 
scheme. 

Discussion of Model 
Previously the dependence of the line shape, and its 

variation with incident microwave power (i.e., S), on the 
two variables cup and (YT was established. The physical 
parameters of interest for a given spin system are the 
spin-spin and spin-lattice relaxation times, T', and T,, 
and the field distribution width uG. These can be obtained 
from cup and LYT through relations 5. Consequently, the 
task a t  hand is to determine cup, or more specifically cy, 
and cur from line-shape and saturation data. This can 
be accomplished by way of a regression analysis as dis- 
cussed in the previous section. Here we discuss some of 
the limitations of the model in its present form, partic- 
ularly with regard to interpreting the results for T,, T,, 
and uG, and suggest modifications and approximations 
that will aid in the development of the regression analy- 
sis. 

The first, and certainly a major, limitation of the model 
described in the second section is that the microwave- 
field and H-field modulation amplitude variations expe- 
rienced by a typical sample tube are not accounted for. 
We call this the "bulk sample" case, as contrasted with 
the "pointlike" sample case presented earlier. As might 
be expected, the largest differences between the two cases 
are observed in their power-saturation behavior. Satu- 
ration curves of a pointlike and bulk sample for ( Y T ~  = 1 
are given in Figure 1. Results for the bulk sample are 
for a TE,,, cavity for which analytical expressions are 
available. In general, however, numerical integration over 
the field and modulation amplitude distributions must 
be employed." Plotted as a function of the saturation 
parameter, S, are the reduced first derivative height, 
VRm, the quantity I', = V'Rm/P1/2, where P is the inci- 
dent microwave power, and the reduced peak-to-peak line 
width, AH,,/AH . It  should be noticed that the point- 
like analysis pre&% a continuous broadening of the res- 
onance line with increasing S, unlike the bulk sample 
behavior. The shift toward larger S in the VRm and I', 
curves of the "bulk" case occurs because the average value 
of S over the sample, ( S)s,  is less than the maximum S, 
the latter being given in Figure 1. For spectra recorded 
at  powers at  or below that of maximum signal height (Le., 
S 5 S"), the line shapes vary little between the bulk 
and "pointlike" sample cases. This enables the determi- 
nation of T,, T,, and uG from a single line-shape regres- 
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lyst species is longer than the spin-spin relaxation time 
of the x-radical of the polymer. The influence of the 
catalyst increases with decreasing temperature due to the 
strong temperature dependence of its TI. 

The greatest difficulty in providing a physical inter- 
pretation for a model parameter lies with the Gaussian 
distribution width, uC, and in fact the assumption of a 
Gaussian envelope itself. For a delocalized spin subject 
to many, n, identical hyperfine splittings of equal mag- 
nitude, a Gaussian distribution of resonance fields would 
result with a width inversely proportional to n1/2. This 
simplistic picture is rarely applicable to real polymers. 
These systems are subject to considerable structural com- 
plexity. The extent of delocalization of a radical is dis- 
tributed over many lengths rather than possessing a unique 
value. In addition, the distribution of spin densities within 
a given delocalization length is rarely uniform and is sub- 
ject to variable degrees of chain twists. The distribution 
width, aG, in addition to being affected by nonresonant 
dipolar broadening also contains a contribution from aniso- 
tropic hyperfine interactions. In view of the complexi- 
ties, the Gaussian approximation appears to be justified; 
however, uG can only be used as a relative measure of 
the delocalization length distribution for a particular poly- 
mer system. 

Conclusions 
Using the methods described, it is possible to obtain, 

separately, relaxation times and resonance field distri- 
bution widths over the entire range of saturation behav- 
ior from pure homogeneous to pure inhomogeneous broad- 
ening from first derivative spectra. For near inhomoge- 
neously broadened spectra, where the spin packet width 
is less than 10% of the field distribution width, a satu- 
ration treatment is the appropriate mode of analysis. For 
spectra subject to a lesser degree of inhomogeneity, all 
the parameters can be obtained from a single line-shape 
analysis on a spectrum recorded at  the power level of 
maximum signal height. The determination of spin con- 
centrations from partially saturated spectra is possible 
by means of a simple, yet rigorous, extrapolation proce- 
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dure. Complex spectra subject to superimposed signals 
with multiple relaxation times can be treated since the 
model is readily amenable to regression analysis. 
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